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You may tear off this page.

Section 2.5:

Vector equation for a line: r(t) = rg + tv, where v is a direction vector, and r( is the position
vector of a point on the line.

Equation for a plane: a(x — o) + b(y — yo) + ¢(z — 29) = 0, where (a, b, ¢) is a normal vector,
and (o, Yo, 20) is a point on the plane.

—
Distance from a point P to a line: HPKHVH, where v is a direction vector of the line, and M is
a point on the line.

|QPn|

Distance from a point P to a plane: , where n is a normal vector of the plane, and () is

a point on the plane.

([l

Line of intersection between two planes: its direction vector is v = n; X n,, where n; and ny
are the normal vectors of the two planes. To find a point on the line, look for (z,y, z) satisfying
the equations for both planes.
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m), where n; and n, are the normal vectors of the two

Angle between two planes: cos™!(
planes.



MATH 2500 MIDTERM 1 SOLUTION (20250218)
INSTRUCTOR: RUIWEN SHU

Total time: 80 minutes.
Total points: 100.

Problem 1 (5 x 4 = 20 points). Calculate:

(1): u-v+|ul?, whereu=(-3,-21), v=(4,1,5)

(—12-245)+(9+4+1)=5

(2): projyu, where u=(-3,-2,1), v=(4,1,5)

u-v —12-245 -9
= 4,1,5) = —(4,1,5

(3): / (12, cos(2t), ™) dt

1.1 1 -
<§t3, 5 Sin(2t), §€3t> + C

. a2f 3 .
(4): 53, where f(x,y) = 2*sin(zy)
of 9.2 3
B = 3z° sin(xy) + 2° cos(xy)y
o*f

ok 62 sin(zy) + 622 cos(zy)y — 2° sin(zy)y?
x



Problem 2 (10 + 10 = 20 points). Calculate:

(1) The distance from P(1,0,—2) to the line r(t) = (2 — t, 3 + 3t, 5t).
Direction vector of the line: v = (—1,3,5).
A point on the line: M (2,3,0).

PM = (1,3,2)

_ i j k
PMxv=|1 3 2/=(9,-7,6)
-1 3 5
. V81 +49+36 166

distance = =

VIF9+25 /35

(2) The line of intersection of the planes z — 2y + z = 1 and 3z — y + 2z = 0.
Normal vectors of the planes: n; = (1,—-2,1), ny = (3, —1,2).
Direction vector of line:

i j k
v=n; xny=|1 -2 1| =(=3,1,5)
3 -1 2

To find a point on the line, set z = 0, get t —2y = 1, 3x —y = 0. Solve to get x = —%, y=—
Therefore a point is (—%, —%, 0).
The vector equation of the line is

r(t) = <—%, —g,o> +H(=3.1,5)
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Problem 3 (8 + 8 + 4 = 20 points). An object is moving on the xy-plane. At t = 0, it is
located at the origin, and its velocity is (0, 2). Its acceleration is given by

a(t) = (—4cos(2t), —4sin(2t))
(1) Find its velocity function v(t).
v(t) = / a(t)dt = / (—4cos(2t), —4sin(26)) df = (—2sin(21), 2 cos(2t)) + Cy
By the initial condition v(0) = (0, 2), we have
(0,2) = (0,2) + Cy
that gives C, = 0. Therefore

v(t) = (—2sin(2t), 2 cos(2t))

(2) Find its position function r(t).

r(t) = / v(t)dt = / (—25in(26), 2 cos(28)) dt = (cos(21), sin(2t)) + Co
By the initial condition r(0) = (0,0), we have
(0,0) = (1,0) + C,
that gives Cy = (—1,0). Therefore

r(t) = (—1 + cos(2t), sin(2t))

(3) Using your result in (2), find the smallest z-coordinate the object can achieve.
The smallest possible value of cos(2t) is —1. Therefore the smallest possible z-coordinate is
—1-1=-2.



Problem 4 (5+ 5+ 10 = 20 points). Consider the function

f(z,y) = ycosx + 221>

(1) Find V.

Vf = (—ysinz + 2y? cosz + 4zy)

(2) Starting from (7, 1), in which direction does f increase the fastest? Express the direction
by a unit vector.
The direction is given by

Vf(g, 1) = (1,2n)

Normalize: 1

Vi

(3) Write the linear approximation of f at (0,2), and use it to approximate f(—0.02,1.97).

f:(0,2) =8, f,(0,2) =1, f(0,2) =2
The linear approximation is
L(z,y) =2+ 8z + (y — 2)

f(=0.02,1.97) ~ L(—0.02,1.97) = 2 + 8 x (—0.02) + (—0.03) = 1.81



Problem 5 (5 + 10+ 5 = 20 points). Consider the function

flz,y) =2 —ay* —y°

(1) Find all critical points of f.

fo=1=9" f, =22y -3y
Set both equal to 0. From 1 —y? =0weget y==+1. Ify =1, we get 22 —3 =0, 2 = —%;

Ify=—-1 weget2x —3=0,x= % Therefore we get two critical points:
3 3
2, (5,-1
( 2’ )7 (27 )

(2) Determine the type of the critical points (local maximum / local minimum / neither).

f:m::Oa fzy:_2y7 fyy:_Qx_fiy

At (-21)
f=0, =2 fu=-2-3)-6=-3
D=0x(-3)—(-2?2*=-4<0

Neither.

At (3,-1):

f=0. fo=2 fu=-20)+6=3
D=0x3-2"=-4<0

Neither.

(3) Suppose we want to find the maximum and minimum of f with the constraint z* +y* = 1
by the Lagrange multiplier method. Write the algebraic system of equations one needs to solve
for z,y, \. DO NOT solve it.

Constraint equation
g(z,y) =2 +y' —1=0

Vf={(1—-y" —2ry—3y°), Vg= {4z’ 4¢’)
Set Vf = AVyg, together with the constraint, we get
1—y% =\-423
—2zy — 3y* =\ - 4y
r* 4yt —1=0



