
6.6
1continued1Recall

Surface area If S is parametrized by
overrightharpoonrleftuvright leftuvrightinD

then its surface area is

iint_Bleftoverrightharpoonrutimesoverrightharpoonrvrightdudv
Ex Area of the upper half of unit

spherePreviously
4xtheta 0lequleqfracpi20leqvleq2pioverrightharpoonrleftuvrightleftlanglesinucosvsinusinvcosurightrangle

D

overrightharpoonruleftlanglecosucosvcosusinvsinurightrangleoverrightharpoonrvleftlanglesinusinvsinucosv0rightrangleoverrightharpoonj overrightharpoonk
overrightharpoonrutimesoverrightharpoonrv1 cos u

overrightharpooni
cos U cos us in vsinu

sinusinv S1nu cosV 0

langlesin2ucosvsin2usinvco su sinucos u t cosus inusin 2v
cos us in u

leftoverlinerutimesoverlinervrightsqrtsin4ucos2vsin4usin2vcos2usin1u
sin4x

sqrtsin1uleftsin2ucos2urightsinu
Surfcieu.ca iint_DsiudAint_0fracpi2int_02pisinudvduint_0fracpi2cisuducdotint_02pi1dv

2picosu0fracpi712pi



Pij
s

DeltaSij
Def The surface integral of a scalar function f over a

surfacesis
iint_SfleftxyzrightdSlim_mnrightarrowinftysum_i1msum_j1nfleftPijrightDeltaSij

Fou a sheet occupying S w density function f its mess is

given by iint_SfleftxyzrightdS
Calculation by parametrization overrightharpoonrleftuvuvrightinD
use dSleftoverrightharpoonrutimesoverrightharpoonrvrightdudv

iint_SfleftxyzrightdSiint_DfleftoverlinerleftuvrightrightleftoverlinerutimesoverlinervrightdA
Ex let S be the upper half of unit sphere Calculate iint_Szdr
Previously

xvarphixtheta 0lequleqfracpi20leqvleq2pioverrightharpoonrleftuvrightleftlanglesinucosvsinusinvcosurightrangle
zx ky Dleftoverrightharpoonrutimesoverrightharpoonvvrightsinu

iint_SzdSiint_DcosucdotsinudAint_0fracpi2int_02pi cos us in in dudu

int_0fracpi2cosusinuducdotint_02pi1dvpi
2pi

frac12sin7uint_0fracpi2frac12



J cos us in udu intwdwfrac12w2c
w sin u frac12sin2uc
dw cosudu

E x let S be the part of the Cone z2sqrtx2y2 below z2

Calculate iint_Sx2dS z2r
Cylindricl coordinates

x r coso

y r s i n o

zz

Z

2

I y

L On S we have z2r
x

xrcos o

y rsinO

z2r

rename rrightarrowu0rightarrowv
0lequleq10leqvleq2pi

overrightharpoonvleftuvrightleftlangleucosvusinv2urightrangleupdownarrowX Z D

overrightharpoonrnleftlanglecosvsinv2rightrangle

overrightharpoonrvleftlangleusinvucosv0rightrangleoverrightharpoonrutimesoverrightharpoonrvleftbeginmatrixoverrightharpoonioverrightharpoonjoverrightharpoonkcosvsinv2usinvucosv0endmatrixright

leftlangle2ucosv2usinvucos2vusin1vrightrangle

uleftoverlinevutimesoverrightarrowvvrightsqrt4u2coiv4u2sin2vu2sqrt5u
4u2



iint_Sx2dSiint_Du2cos2ucdotsqrt5udAint_01int_02pisqrt5u3cos2vdvdu
sqrt5int_01u3ducdotint_02picos2vdvfracsqrt54pi

int_02pifrac12left1cosleft2vrightrightdv
frac12leftvfrac12sinleft2v1rightright02pipi

Flux integral over a surface iint_SoverrightharpoonFcdotoverlineNdS

frac14u401frac14

One needs an orientation of the sunfate S that is

a consistent choice of unit normal overlineN
i

3D
Compare 2D fracN

beginmatrixoverrightharpoonN1endmatrix

SN
overlineN
T

Choosing an orientation is possible for some surfaces

called orientable surfaces Such a surface w a given

Orientation is called an oriented surface

There are non_orientable surfaces for example Mobius band

Det Let É be a vector field and S be an oriented surface

Then the surfare integral flux integral of
overrightharpoonF oer S

isunitnormal
iver by
orientation iint_SoverrightharpoonFcdotoverrightharpoonNdS also denoted iint_SoverlineFcdotdoverrightharpoons



To calculate by parametrization overrightharpoonrleftuvright leftuvrightinR

notice that overrightharpoonrutimesoverrightharpoonrv is normal to surface
overlinerutimesoverlinerv

overrightharpoonruiv
u const

vomegaonr t

RightarrowoverrightharpoonNdSpmfracoverrightharpoonrutimesoverrightharpoonrvleftoverrightharpoonrutimesoverrightharpoonvvrightleftoverrightharpoonrutimesoverrightharpoonvvrightdudvpmleftoverlinerutimesoverlinervrightdudv
determined by orientation

overrightharpoonNdSpmleftoverlinerutimesoverlinervrightdudv

iint_SoverrightharpoonFcdotoverrightharpoonNdSpmiint_DoverrightharpoonFleftoverrightharpoonrleftuvrightrightcdotleftoverrightharpoonrutimesoverrightharpoonrvrightdA
Ex Let S be the part of the plane 3xy2z6 w

xgeq0ygeq0 xyleq1 w upward normal
overrightharpoonNSZ Calculate iint_Sleftlangley03zrightranglecdotoverrightharpoonNds

Previouslyo n y x Zy

overrightharpoonrleftuvrightleftlangleuvfrac12left63uvrightrightrangleleftuvrightinDD
x

overrightharpoonruleftlangle10frac32rightrangleoverrightharpoonrvleftlangle01frac12rightrangle

overrightharpoonrutimesoverrightharpoonruleftbeginmatrixoverrightharpoonioverrightharpoonjoverrightharpoonh10frac3201frac12endmatrixrightleftlanglefrac32frac121rightrangle upward1same
as

overrightharpoonN

iint_Sleftlangley03zrightranglecdotoverrightharpoonNdsiint_Dleftlanglev03cdotfrac12left63nvrightrightranglecdotleftlanglefrac32frac121rightrangledA



V

uv1v1n1 iint_Dleftfrac32v0frac32left63uvrightrightdAunabla 1 9frac92u

int_01int_01uleft9frac92urightdvduint_01left9frac92urightleft1urightdufrac92int_01left2urightleft1urightdu

23uu2

frac92left2ufrac32u2frac13u3right01frac92left2frac32frac13rightfrac154


